Constrained approaches to maximum likelihood estimation in the context of finite mixtures of normals have been presented in the literature. A fully data-dependent constrained method for maximum likelihood estimation of clusterwise linear regression is proposed, which extends previous work in equivariant data-driven estimation of finite mixtures of Gaussians for classification. The method imposes plausible bounds on the component variances, based on a target value estimated from the data, which we take to be the homoscedastic variance. Nevertheless, the present work does not only focus on classification recovery, but also on how well model parameters are estimated. In particular, the paper sheds light on the shrinkage-like interpretation of the procedure, where the target is the homoscedastic model: this is not only related to how close to the target the estimated scales are, but extends to the estimated clusterwise linear regressions and classification. We show, based on simulation and real-data based results, that our approach yields a final model being the most appropriate-to-the-data compromise between the heteroscedastic model and the homoscedastic model.
Introduction
Let y i be the random variable of interest, and let x i be a vector of J explanatory variables. Whenever a single set of regression coefficients is not adequate for all realizations of the pair (y i , x i ), finite mixture of linear regression models can be used to estimate clusterwise linear regression parameters.
Let y i be distributed as a clusterwise linear regression model, that is
where G is the total number of clusters and p g , β β β g , and σ 2 g are respectively the mixing proportion, the vector of J regression coefficients, and the variance term for the g-th cluster. The model in Equation (1) is also known under the name of finite mixture of linear regression models, or switching regression model (Quandt, 1972; Quandt and Ramsey, 1978; Kiefer, 1978) .
In addition let us denote the set of parameters to be estimated ψ ψ ψ ∈ Ψ Ψ Ψ, where ψ ψ ψ = {(p 1 , . . . , p G ; β β β 1 , . . . , β β β G ; σ 2 1 , . . . , σ 2 G ) ∈ R G(J+2) : p 1 +· · ·+p G = 1, p g ≥ 0, σ 2 g > 0, g = 1, . . . , G}.
Unlike finite mixtures of other densities, the parameters of finite mixtures of linear regression models are identified if some mild regularity conditions are met (Hennig, 2000) .
The clusterwise linear regression model of Equation (1) can naturally serve as a classification model. Based on the model, one computes the posterior membership probabilities as follows p(g|y i ) = p g f g (y i |x i ; σ 2 g , β β β g )
and then classify each observation according, for instance, to fuzzy or crisp classification rules.
Let {(y i , x i )} n = {(y 1 , x 1 ), . . . , (y n , x n )} be a sample of independent observations. In order to estimate ψ ψ ψ, one has to maximize the following sample likelihood function
which can be done using iterative procedures like the EM algorithm (Dempster, Laird, and Rubin, 1977) .
Unfortunately, maximum likelihood (ML) estimation of univariate mixtures of normals -or conditional normals -suffers from the well-known issue of unboundedness of the likelihood function: whenever a sample point coincides with the group's centroid and the relative variance approaches zero, the likelihood function increases without bound (Kiefer and Wolfowitz, 1956; Day, 1969) . Hence a global maximum cannot be found. Kiefer (1978) showed that there is a sequence of consistent, asymptotically efficient and normally distributed estimators for switching regressions with different group-specific variances (heteroscedastic switching regressions). These roots correspond, with probability approaching one, to local maxima in the interior of the parameter space. Yet, although there is a local maximum which is also a consistent root, there is no tool for choosing it among the local maxima. Day (1969) showed that potentially each sample pointor any pair of sample points being sufficiently close together -can generate a singularity in the likelihood function of a mixture with heteroscedastic components. This gives rise to a number of spurious maximizers (McLachlan and Peel, 2000) , which, in a multivariate context, arise from data points being almost coplanar (Ritter, 2014) .
The issue of degeneracy can be dealt with by imposing constraints on the component variances. This approach is based on the seminal work of Hathaway (1985) , who showed that imposing a lower bound, say c, to the ratios of the scale parameters prevents the likelihood function from degeneracy. Although the resulting ML estimator is consistent and the method is equivariant under linear affine transformations of the data -that is, if the data are linearly transformed, the estimated posterior probabilities do not change and the clustering remains unaltered -the proposed constraints are very difficult to apply within iterative procedures like the EM algorithm. Furthermore, the issue of how to choose c, which controls the strength of the constraints, remains open.
Ingrassia (2004) showed that it is sufficient, for Hathaway's constraints to hold, to impose bounds on the component variances. This provides a constrained solution that 1) can be implemented at each iteration of the EM algorithm, and 2) still preserves the monotonicity of the resulting EM (Ingrassia and Rocci, 2007) .
We propose a constrained solution to the problem of degeneracy, which extends the one proposed in a recent paper by Rocci, Gattone, and Di Mari (RGD, 2016) for multivariate mixtures of Gaussians, in finite mixtures of linear regression models. This constrained estimation method is characterized by 1) fully datadependent constraints, 2) affine equivariance of the clustering algorithm under change of scale in the data, and 3) ease of implementation within standard routines (Ingrassia, 2004; Ingrassia and Rocci, 2007) . While inheriting such properties from RGD (2016), where the focus was mainly on classification, the extension we consider in this work intrinsically pays attention to how well regression parameters are estimated with the new constrained method, together with looking at how accurately the method classifies observations within clusters. The affine equivariance property, in our context, translates to having a clustering model which yields the same clustering of the data if the variable of interest y i is re-scaled. This covers, for instance, cases in which a different scale of the variable of interest is more appropriate for interpreting the regression coefficient than the one the variable was originally measured at. Whereas the simulation study will aim
at showing the soundness of the method, the three empirical applications will enlighten the shrinkage-like nature of the approach in terms of estimated model parameters and clustering.
The remainder of the paper is organized as follows. In Section 2 we briefly review Hathaway's constraints and the sufficient condition in Ingrassia (2004) . Section 3 is devoted to a description of the proposed methodology and of the estimation algorithm, which is evaluated through a simulation study, presented in Section 4, and three real-data examples, in Section 5. Section 6 concludes with some final discussion and some ideas for future research.
2 Constrained approaches for ML estimation Hathaway (1985) proposed relative constraints on the variances of the kind
Hathaway's formulation of the maximum likelihood problem presents a strongly consistent global solution, no singularities, and a smaller number of spurious maxima. Consistency and robustness of estimators of this sort was already pointed out by Huber (1967 Huber ( , 1981 3 The proposed methodology
Affine equivariant constraints
Starting form the set of constraints of equation (5), letσ 2 be a target variance. The set of constraints for a clusterwise linear regression context are formulated as follows
It is easy to show that (6) implies (4) -since (6) is more stringent than (4) -while the converse is not
The constraints (6) are affine equivariant (RGD, 2016), and have the effect of shrinking the component variances toσ 2 , the target variance term, and the level of shrinkage is given by the value of c: such a formulation makes it possible to reduce the number of tuning constants from two -(a, b) as in Ingrassia (2004)'s proposal -to one -c. Note that for c = 1,σ 2 g =σ 2 , whereas for c → 0,σ 2 g equals the unconstrained ML estimate. Intuitively, the constraints (6) provide with a way to obtain a model in between a too restrictive model, the homoscedastic, and an ill-conditioned model, the heteroscedastic. In other terms, high scale balance is generally an asset -as it means that there is some unknown transformation of the sample space that transfers the component not too far from the common variance setting -but it has to be traded with fit (Ritter, 2014 ).
Adaptive choice of c and parameter updates
Selecting c jointly with the mixture parameters by maximizing the likelihood on the entire sample would trivially yield an overfitted scale balance approaching zero (RGD, 2016). Following RGD (2016), we propose a cross-validation strategy in order to let the data decide the optimal scale balance, which can be described according to the following steps.
1. Select a plausible value for c ∈ (0, 1].
2. Obtain a temporary estimateψ ψ ψ for the model parameters using the entire sample, which is used as starting value for the cross-validation procedure.
3. Partition the full data set into a training set, of size n S , and a test set, of size nS.
4. Estimate the parameters on the training set using the starting values obtained in step 2. Compute the contribution to the log-likelihood of the test set.
5. Repeat K times steps 3-4 and sum the contributions of the test sets to the log-likelihood which yields to the so-called cross-validated log-likelihood.
6. Select c which maximizes the cross-validated log-likelihood. Smyth (1996; advocates the use of the test set log-likelihood for selecting the number of mixture components. The rationale is that it can be shown to be an unbiased estimator (within a constant) of the Kullback-Leibler divergence between the truth and the model under consideration. As large test sets are hardly available, the cross-validate log-likelihood can be used to estimate the test set log-likelihood. In our case -like in Smyth's case (1996) -given the model parameters, the cross-validated log-likelihood is a function of c only, and maximizing it with respect to c, given the other model parameters, would handle the issue of overfitting as training and test sets are independent (Arlot and Celisse, 2000).
The updates for the quantities of interest are obtained as follows. For a chosen value of the constant c, the expectation step (E-step) at the (k + 1)-th iteration produces a guess for the quantity
where i = 1, . . . , n and g = 1, . . . , G. Using the computed quantities from step E, the maximization step (M-step) involves the following closed-form updates:
At each M-step, the final update for the variance is given by the following expression
where σ 2 cg (k + 1) indicates the g-th component constrained variance at k + 1-th iteration.
Constraining the components to common scale yields instead the following update for the variancē
which is the natural candidate for target for our shrinkage-like procedure.
In this constrained version of the EM, provided the initial guess satisfies the constraints, the algorithm is monotonic and the complete log-likelihood is maximized.
4 Numerical study
Design
A simulation study was conducted in order to evaluate the quality of the parameter estimates of our constrained algorithm. The equivariant data-driven constrained algorithm (ConC) was compared with the un- For each of the 8 combinations {n, p g }, we generated 250 samples: for each sample and each algorithm -HomN, HetN, ConC (our proposal) -we select the best solution (highest likelihood) out of 10 random starts. The simulated-data analysis was conducted in MATLAB. In all applications the estimated groups are ordered from the smallest to the largest in terms of cluster size. The empirical analysis was conducted in R.
Results

CEO data
This data set has a well-known structure, although a true number of clusters is not available. It contains 59 records for some U.S. small-companies' CEO salaries (dependent variable), and CEO ages (independent variable). especially for the first component, seems to be driven by the unit with the highest salary.
As we turn to the 4 components case, ConC yields results closer to HomN (c ≈0.9). In the latter case we observe a solution for HetN which is very likely to be spurious, as the first component's regression line (in red) is aligned with two data points, and the relative component variance is relatively very small (the
Temperature data
This data set concerns average minimum temperatures in 56 US cities in January, including latitude and longitude of each city * . Among the others who already analyzed these data, Peixoto (1990) fitted a polynomial regression of temperature on latitude and a cubic polynomial in longitude to this data set, whereas Carbonneau and co-authors (2011) fitted a 2-component clusterwise linear regression of temperature on latitude and longitude. We fitted a clusterwise linear regression model of temperature on latitude and longitude with respectively 2 ( Table 4 : Temperature data. Best solutions out of 100 random starts, G = 3. K = n/5, and test set size = n/10. Table 6 : Temperature data. Best solutions out of 100 random starts, G = 5. K = n/5, and test set size = n/10. The 2-class solution seems to be the most suitable in terms of non-overlapping classes and regression parameters' interpretation. In both classes, latitude has a negative effect on temperature, whereas longitude has a negative effect on temperature in the first (smaller) class, and a positive effect on the second (bigger)
class. In the 3-class and the 4-class solutions, the additional classes are mainly obtained from splits of the second (bigger) class: the resulting clusters are characterized by a negative sign for the longitude coefficient.
In the 5-class solution, also the first (smaller) class is split into 2 sub-classes, both having the feature of positive sign for the longitude coefficient. In addition, we observe that HetN converged to a spurious solution, which consists in one component having a variance very close to zero. ConC, in all scenarios, estimates a model which is in between HetN and HomN: while being closer to HetN with G = 2 and G = 4, it gets relatively closer to the common scale with G = 3 and G = 5.
Although we opted for the 2-component solution as the most appropriate one, BIC computed under both HetN and HomN seems to favor the 5-component model (Table 7) . Due to the spurious nature of the final solution delivered by HetN, BIC HetN should not be trusted. We fear this is also the case for BIC HomN , as the related solution is characterized by a too small class proportion for one component compared to the others (p 1 = 0.07), and a small common scale (approximately half of that estimated with G = 4). Table 7 : Temperature data. BIC values for G = 2, G = 3, G = 4, and G = 5, computed under HomN and HetN. Best solutions out of 100 random starts.
Iris data
We consider first a subset of the Iris data, available at the link https://archive.ics.uci.edu/ ml/index.html. The data set contains 3 classes of 50 instances each, where each class refers to a type of iris plant. The clusters recovery obtained by the three methods is assessed in terms of Adj-Rand index.
We also report computational time and the estimated c. ConC to run, multiple starting value strategy included, is more than 10 times longer than HetN and HomN.
Conclusions
In the present paper an equivariant data-driven constrained approach to maximum likelihood estimation of clusterwise linear regression model is formulated. This extends the approach proposed in RGD (2016) for multivariate mixtures of Gaussians to the clusterwise linear regression context. Through the simulation study and the three empirical applications, we are able to show that the method does not only solve the issue of degeneracy, but it is also able to improve upon the unconstrained approaches it was compared with.
Whereas RGD (2016) showed that the method has merit in both fuzzy and crisp classification, the additional step ahead we take is twofold: 1) we look at how well model parameters are estimated, and 2)
we are able to give a strong model interpretation. That is, the value of the selected constant c indicates the most suitable-to-the-data model as a way through homoscedasticity and heteroscedasticity. This does not only relate to the estimated scales, but to the entire set of model parameters and classification, as also the clusterwise linear regressions and clustering estimated with our method correspond to an estimated model in between the homoscedastic model and the heteroscedastic model.
Our method shares common ground with the plain constrained maximum likelihood approach in that parameter updates are the same as in a constrained EM (Ingrassia, 2004; Ingrassia and Rocci, 2007) . Nevertheless, the final solution we obtain maximizes the (log) likelihood through a maximization of the crossvalidated log-likelihood, and the constraints are tuned on the data. This eliminates all unreasonable boundary solutions standard constrained algorithm might converge to due to the arbitrary way constraints could be put.
The equivariance property in a clusterwise linear regression framework is related to linear transformations of the dependent variable only. Yet, it is as crucial as in the multivariate mixture of Gaussians case, as it does not uniquely imply that the final clustering remains unaltered as one acts affine transformation on the variable of interest. More broadly, no matter how the data come in, affine equivariance means that there is no data transformation ensuring better results, since the method is unaffected by changes of scale in the response variable.
As it was noticed by Ritter (2014), common scale is highly valuable, but it can be a too restrictive assumption for the clusters' scales. In this respect, our approach does not suffer the inappropriateness of the homoscedastic model, as the constant c controls how close to (or how far from) it the final model will be. Especially in the empirical application, we observed that the method is able to detect departures from homoscedasticity in terms of selected c.
The simulation study and the empirical applications have highlighted two open issues. First, the proposed method is computationally intensive compared to the unconstrained approaches it was compared with.
Building up a computationally more efficient procedure to select the constant c from the data can be an interesting topic for future research. Second, the BIC computed using the unconstrained models is not always reliable, as we observed from the empirical applications. How to carry out reliable model selection using our equivariant data-driven constrained approach requires further research.
